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2
=
1
2
(
wni+1 + w
n
i
)− αni+ 12
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sgn(c)
(
wni+1 − wni
)
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n
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2
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i− 1
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u ∈ R =CF L
∣∣g(wni , wni+1)− f(u)∣∣ = |c|2 ∣∣∣(wni+1 + wni )− αni+ 12 sgn(c) (wni+1 − wni )− 2u∣∣∣
=
|c|
2
∣∣∣(1− sgn(c)αni+ 1
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wni+1 − u
)
+
(
1 + sgn(c)αn
i+ 1
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)
(wni − u)
∣∣∣
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∣∣wni+k − u∣∣ .
QP

D  
	 
 
D  	  
 
  
 

 
1q

ﬃq3wtﬁ­sopi ,Zqo9so
 
ﬀhw2au qckmq)

AKﬁ Aﬃﬁ)%

/1#z\+*J7 \ X7_#ﬁJ ] /1b, cﬁﬂ 0/1b)\Ö\_#X 01ﬀb&ﬁ 7 \ N
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i+ 1
2
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ii) r|c|
αn
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i− 1
2
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min
i∈Z
wni ≤ min
i∈Z
wn+1i ≤ max
i∈Z
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i∈Z
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e
wn+1i = β0w
n
i + β−1w
n
i−1 + β1w
n
i+1,
=
β−1 =
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2
(
1 + αn
i− 1
2
sgn(c)
)
=
r|c|
2
(
sgn(c) + αn
i− 1
2
)
,
β0 = 1− r|c|
2
(
αn
i+ 1
2
+ αn
i− 1
2
)
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E~D
β1 =
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2
(
−1 + αn
i+ 1
2
sgn(c)
)
=
r|c|
2
(
− sgn(c) + αn
i+ 1
2
)
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β−1 ≥ 0, β1 ≥ 0, β0 ≥ 0 E_D β−1 + β0 + β1 = 1.
Á
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z?

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E_D
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β−1 =
rc
2
(1 + γsgn(c)) =
r|c|
2
(sgn(c) + γ) ,
β0 = 1− r|c|γ,
E~D
β1 =
rc
2
(−1 + γsgn(c)) = r|c|
2
(− sgn(c) + γ) .
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=
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(
wni+1 + w
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f(wni+1)− f(wni )
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1)
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2
|f ′(an
i+ 1
2
)| ≤ α
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i+ 1
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≤ γ
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2
)
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min
i∈Z
wni ≤ min
i∈Z
wn+1i ≤ max
i∈Z
wn+1i ≤ max
i∈Z
wni .
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=
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f ′
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=
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2
| ≤ γ‖wn‖L∞(R) ≤ γ‖w0‖L∞(R) ≤ γ‖w0‖L∞(R).
Ë

= wn
i+ 1
2
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n
i−1,
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β0 = 1− r
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|f ′(ani )|
(∣∣∣δni+ 1
2
∣∣∣+ ∣∣∣δni− 1
2
∣∣∣) ,
β1 =
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2
|f ′(ani )| sgn (f ′(ani ))
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2
∣∣∣ sgn(f ′ (ani+ 1
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=
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2
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2
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∣∣∣+ ∣∣∣δni− 1
2
∣∣∣) ≤ 1.
Ö@f}|=C?A}IJE~}(Ì$=CF)MAGHD6GJ=CFA}(M)EIJL<A@6=<>=C}|GHD6GJ=CF 
º

º
. ®=FL
r
2
|f ′(ani )|
(∣∣∣δni+ 1
2
∣∣∣+ ∣∣∣δni− 1
2
∣∣∣) ≤ rAγ ≤ 1.
.)

D  
	 
 
D  	  
 
  
 

 
tXo oRt
Aﬃﬁ AKﬁ ﬂ

ﬀ+ /1bd]_ﬁﬂ 0/1b #4 #ﬁJ b&#H´%_ﬃ! ﬂ5$#&7#;\^] 2&%ﬀ
 ﬂ ﬀ 
7 \_ﬁÖ] /1b&ﬁ cb&#&7

 `',"
\^] 2X cﬁ $ 07_b&bd7 
 
mtXsﬂ'>t
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Qn
i+ 1
2
= Rαn
i+ 1
2
R−1.
»
GJFALIJE~ÐE~FzDIJE+}6Ì Ê){$ÐL>ﬂ)À*
Î
MAE_ÅXGJE$FD
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− 1
2Sn
i+ 1
2
Qn
i+ 1
2
A (W ni+1 −W ni ) ,
W n+1i = W
n
i − rA
(
W n
i+ 1
2
−W n
i− 1
2
)
.
ÆF}|GJ<AIJG8hLFD=CF =CB)D6GJE~FzDIHE+}6Ì ÊA{~´Lﬂ)À*
Î
ﬂ
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− 1
2
sgn (A) (W ni+1 −W ni ) ,
W n+1i = W
n
i − r
(
F
(
W n
i+ 1
2
)
− F
(
W n
i− 1
2
))
,
>

     

        	 DD I          D  
	   
 
          1D
L ÅCE$Ì sgn (A) = R sgn (Λ)R−1 E~D sgn (Λ) = diag
(
λk
|λk|
)
º
D tXopi 1r³sZt
,­=C?)@?AF <A@|=CBAIJÍ~ÐE+IHGJFA{$LGJ@|E F (W ) = AW IHEª}6Ì ÊA{~´Lﬂ)À* Î ﬂ	}6E@LÍ$F)E"v?AF}6Ì ÊA{~´L
MA{$Ì~E$FD@|{L=CFD(Ì~=CÐE+IJE+}|Ì ÊA{$ÐLÓMAEÀf=XE¿#
» »Á
E_D*#
»
À=EÖE~FE  dE_D
e
ΦV FFC
(
W ni ,W
n
i+1
)
=
1
2
A (W ni +W ni+1)− 12 sgn (A)A (W ni+1 −W ni )
=
1
2
A (W ni +W ni+1)− 12 |A| (W ni+1 −W ni )
= ΦRoe
(
W ni ,W
n
i+1
)
.
ΦSRNHS
(
W ni ,W
n
i+1
)
=
1
2
A ((W ni +W ni+1)− sgn (A) (W ni+1 −W ni ))
= ΦV FFC
(
W ni ,W
n
i+1
)
.
Ë

L?)D@|E<&L@D-}6GÖ=F<)@6=1|E_D6DE W ni+1 − W ni MALFA} IJL B&L}6EM)E$} ÅCE~Ì~D6E$?A@|}<A@|=C<A@|E$}-MAEIJL
´LUFAGJÍ~@6E+}6?)GHÅULFDE W ni+1 −W ni =
p=m∑
p=1
γprp
=CFL?A@L
W n
i+ 1
2
= W ni +
1
2
(
W ni+1 −W ni
)− 1
2
sgn (A) (W ni+1 −W ni )
= W ni +
1
2
p=m∑
p=1
γp (1− sgn(λp)) rp
= W ni +
∑
λp<0
γprp
= WV FRoe
(
0,W ni ,W
n
i+1
)
,
= WV FRoe
(
0,W ni ,W
n
i+1
)
E~}|DZIJL}6=CIH?)DGH=CFÖMA?ª<A@|=CBAIJÍ~ÐE­MAE ÀfGHE$ÐLFAF³¿ γp =
tlp·
(
W ni+1 −W ni
)
E~D tlp
<>=?A@ p = 1, . . . , m IHE$}ÖÅCE~Ì~D6E$?A@|}V<A@|=C<A@6E~}9-KLU?AÌ ÊAEMAE A ÅC{~@6G8hLFD tlp · rq = δpq
M

=<a=C?A@(Ì~EªÌ L}fIJGHFA{ LGH@6E
ΦSRNHS
(
W ni ,W
n
i+1
)
= AW n
i+ 1
2
= AWV FRoe
(
0,W ni ,W
n
i+1
)
= ΦV FRoe
(
W ni ,W
n
i+1
)
.
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$?$4DG¬	?&9<C
ÖFÌ~=CFA}6GHMAÍ$@|EªIJE+}|ÈX}DÍ$EÊzÈX<aE$@|B>=CIHGJz?AE+FA=FIHGJFA{$LGJ@|EÑÊA=C=CKCÍ~FAEv^Ëj}6?AG,ÅULFD
e
∂W
∂t
+
∂F (W )
∂x
= 0, (x, t) ∈ D × R∗+, D ⊂ R
W (x, 0) = W0(x), x ∈ D
0
º
m 
>
.
  :
 D		 
 
D  	  
 
 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       
L ÅCE$Ì W : D × R+ → Ω ?)F ÅCE$Ì_DE~?A@  m Ì$=C<a=C}LFD6E$}MAE´X?ALFDGHD6{$}Ì~=CFA}|E$@|Å{$E~}$¿=
ÅUL@6GJLBAIJE~}®M

{~DLUD ¿XÌ$=ÐEÑIJLV´LU}6}6EU¿)IJLz?&LFDG,D{ÖM)EÖÐ=?)ÅCE~ÐE~FzDE~D(I

{~FAE$@|KCGJEM&LFA}IHEÑÌ$L}
MAE$}­<A@6=BAIJÍ~ÐE~}­MAE IÃLÐ{~Ì LF)GJz?AE MAE$}ﬀ?&?AGJM)E$}$¿1E~DyIÃLÊ&L?)D6E$?A@E~DyIÃLz?&LFDG,D{ MAE®=C?)ÅE$E$FD
M&LFA}IJEÌ$L}MA?<)@6=CBAIHÍ$EMAEﬂ)LGHFzD (#E~F&LFD
º
Ω {~D LUFzD­?AF=C?)ÅE$@|D­Ba=C@6FA{MAE Rm
º
ÔZL 	3=CFAÌ_DGH=CF
F MA{ &FAGHEÖMAE Ω M&LF)} Rm @6E$<)@6{$}|E$FDEIÃL	3=CFAÌ~D6GJ=CF?&?Ç-z?AE+I

=F }6?A<)<>=C}|EªL}6}|E +@|{$KC?AIHGJÍ~@6E
º
Ô¬E}|Ì ÊA{$ÐLﬂ)À
Î
<>=C?)@(Ì$Eª<A@6=BAIJÍ~ÐE+}

{~Ì$@6G,Df}6=C?A}IJL9	3=C@6E+}6?AG,ÅULFDE
e
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− αni+ 12
2Sn
i+ 1
2
(
F
(
W ni+1
)− F (W ni )) ,
W n+1i = W
n
i − r
(
F
(
W n
i+ 1
2
)
− F
(
W n
i− 1
2
))
,
L ÅCE$Ì
Sn
i+ 1
2
= max
p=1,...,m
(
max
(∣∣∣λni ,p∣∣∣ , ∣∣∣λni+1,p∣∣∣))
= [λp]p=1,...,m
}6=CFD+IHE$}ÑÅULIHE$?A@|}Ñ<A@|=C<A@6E~}+MAEIJL´´L1D@6GHÌ$E6LÌ$=BAGJE~FAFAEMAE F ¿ λni ,p
ﬂ@|E$}6<aE$Ì 
DG,ÅCE$E$FD λni+1,p
ÓÌ$LIJÌ~?AIJ{~E$}RI

{_D LUD W ni
3@6E~}6<aE$Ì~D6GHÅE$E$FDE I

{~D L1D W ni+1
vE~D αn
i+ 1
2
?AF
<&L@6LÐÍ_D@|EM)EÌ~=CFD@VSIJE
º
ÖF }6?A<)<>=C}|EVz?

GJI¬E!Ç)GH}|D6E?AF {~DLUDGJFDE~@6{$MAGJLGJ@|E V¯ (W ni ,W ni+1)
DE~I¬X?)E
F
(
W ni+1
)− F (W ni ) = A (V¯ (W ni ,W ni+1)) (W ni+1 −W ni ) .
ÔZLÓÐLUD6@6GJÌ~E+MAEÀf=XE  Àf=XE+@) Zz?&LFAM E$IHIJEÖE!Ç)GH}|D6EªÅ{$@|G&EE_Ç)LÌ_DE$E$FDfÌ$E_D6D6EÌ~=CFAMAG,DGJ=F
º
ËÖLFA}fÌ$EªÌ$L}I

{~D LU<>E+<A@|{$MAGHÌ~D6E$?A@MAE_ÅGHE$FD
e
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− αni+ 12
2Sn
i+ 1
2
A (V¯ (W ni ,W ni+1)) (W ni+1 −W ni ) .
Á
=CÐE IHE }|ÈX}DÍ$E 0
º
m aE$}|DZÊÈX<aE$@6Ba=CIHGJz?AE¿$GJI}

E~FA}6?)GHDZz?AEIÃLÐLUD@|GJÌ~E A (V¯ (W ni ,W ni+1))
E$}DvMAGÃLUKC=CF&LIHGJ}6LBAIJE
º
ÖF FA=D6E λ¯1 ≤ λ¯2 ≤ ... ≤ λ¯m IJE~}VÅULIJE~?A@6}<A@6=C<)@6E$}L}6}|=Ì~GJ{$E~}vL?Ç
ÅCE~Ì~DE~?A@6} <A@6=<A@6E~} {r¯1, ..., r¯m} ¿CE_D =FÐFA=UDE B¯ = {r¯1, ..., r¯m} IÃLÖBAL}6EMAE~} ÅE$Ì~D6E$?A@|}®<A@|=C<A@|E$}
MAE
R
m º ﬂ=CG,D R¯ = [r¯1, ..., r¯m] IÃL´LUD6@6GHÌ$EMAE-<&L}|}LKCE´MAE IÃLB&L}6E´Ì LFA=FAGJz?AE M)E Rm 
IÃL B&L}6E B¯ 	3=C@6{$E<&L@IJE~}ÅCE~Ì~D6E$?A@|}<)@6=C<A@|E$}M)E A (V¯ (W ni ,W ni+1)) ¿­GHI }  E~FA}6?AG,Dvz?AE IJL
´L1D@6GHÌ$E A (V¯ (W ni ,W ni+1)) = R¯i+ 1
2
Λ¯i+ 1
2
R¯−1
i+ 1
2
¿ = Λ¯i+ 1
2
E$}D-IÃL ´LUD6@6GHÌ$E MAE$} ÅULIHE$?A@|}
<A@6=<A@6E~}+E~D R¯−1
i+ 1
2
E~}|DªIJL´´L1D@6GHÌ$EGJFÅCE~@6}|EM)EIÃL´ÐLUD6@6GJÌ~EVMAEV<&L}6}6LKCE
º
ﬂG =CF Ì$=CFA}|GJMAÍ~@6EvIHE
Ì$=C<a=C@|D6E$E$FDMA?´}|ÈX}|D6Í$E+IJ=XÌ LIHE$E$FD®E~FD@6EÑIJE$} ´LUGJIJIHE$} xi
E_D xi+1
¿XI

{~DL<>E<A@6{~MAGJÌ_DE~?A@
MA? }|ÈX}|D6Í$E
º
^ ®MA=CFAF)E
e
R¯−1
i+ 1
2
W n
i+ 1
2
=
1
2
R¯−1
i+ 1
2
(
W ni+1 +W
n
i
)− αni+ 12
2Sn
i+ 1
2
Λ¯i+ 1
2
R¯−1
i+ 1
2
(
W ni+1 −W ni
)
.
ÖF<a=C}6E V¯ n
i+ 1
2
= R¯−1
i+ 1
2
W n
i+ 1
2
, V¯ ni = R¯−1i+ 1
2
W ni
E_D V¯ ni+1 = R¯−1i+ 1
2
W ni+1
=CF L?)@L
V¯ n
i+ 1
2
=
1
2
(
V¯ ni+1 + V¯
n
i
)− αni+ 12
2Sn
i+ 1
2
Λ¯i+ 1
2
(
V¯ ni+1 − V¯ ni
)
.
>Q>
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ÆF	D6E$F&LUFzDÌ$=C<)DEÑMAE+I

LF&LI,ÈX}6EÑM)? }|Ì ÊA{$ÐL ﬂ)À*
Î
M&LUFA}IJEÑÌ L}IHGJFA{$LGJ@|EfÅE$Ì_D=C@|GJE$I¿)M&LUFA}
IJE+Ì$L}= λp 6= 0 ∀p ∈ {1, . . . , m} =CF	<aE$?)Df{~Ì$@6GH@6E+MAEªÐLFAGHÍ$@6EªLUF&LIJ=KC?AE e
Q¯ (V¯ (W ni ,W ni+1)) = R¯i+ 1
2
αn
i+ 1
2
R¯−1
i+ 1
2
,
L ÅCE$Ì
αn
i+ 1
2
=

Sn
i+1
2
|λ¯1| 0 . . . 0
0
Sn
i+1
2
|λ¯2| . . .
º
º
º
º
º
º
0
º
º
º
0
0 . . . 0
Sn
i+1
2
|λ¯m|

.
ËÖLFA}fÌ$EªÌ$L}IJE+}6Ì Ê){$ÐL>ﬂ)À*
Î
MAE_ÅXGJE$FD
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− 1
2Sn
i+ 1
2
Q¯ (V¯ (W ni ,W ni+1)) (F (W ni+1)− F (W ni )) ,
W n+1i = W
n
i − r
(
F
(
W n
i+ 1
2
)
− F
(
W n
i− 1
2
))
.
ÆF}|GJ<AIJG8hLFD=CFL?A@6L
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− 1
2
sgn
(A (V¯ (W ni ,W ni+1))) (W ni+1 −W ni ) ,
W n+1i = W
n
i − r
(
F
(
W n
i+ 1
2
)
− F
(
W n
i− 1
2
))
.
»
GJFALIJE~ÐE~FzDIJE+}6Ì Ê){$ÐL>ﬂ)À*
Î
ﬂ	E~}|Df?AFAE+ÅUL@|GÃLFDE+M)?}|Ì ÊA{$ÐL>ﬂÀ
Î
z?AG¬}

{~Ì$@|GHD
e
W n
i+ 1
2
=
1
2
(
W ni+1 +W
n
i
)− 1
2
∣∣∣A (V¯ (W ni ,W ni+1))−1∣∣∣ (F (W ni+1)− F (W ni )) ,
W n+1i = W
n
i − r
(
F
(
W n
i+ 1
2
)
− F
(
W n
i− 1
2
))
,
L ÅCE$Ì
∣∣∣A (V¯ (W ni ,W ni+1))−1∣∣∣ = R¯i+ 1
2
∣∣∣Λ¯−1
i+ 1
2
∣∣∣ R¯−1
i+ 1
2
E~D
∣∣∣Λ¯−1
i+ 1
2
∣∣∣ = diag( 1|λp|
)
.
D tXopi 1r³sZt
%
ËÖLFA}ÐIJE	BA?)DMAEz?&LIJG8&E$@vÌ~E}|Ì ÊA{$ÐLpFA=?A}´LUIJIJ=FA}vIJE	Ì$=Ð<&LU@6E$@L ÅCE~Ì MAE~}Ð}|Ì ÊA{$ÐL}ÐMAE
ÅC=CIH?AE$}AFAGJ}EÌ LUÌ$E$}-<a=C?A@IÃL9}6GH?AIJLUDGH=CF FX?)Ð{~@6GJz?AEMAE$}´}|ÈX}|D6Í$E$} ÊÈX<>E~@6Ba=CIJGHz?AE$}~¿
 }L ÅC=CGH@-IJE;}|Ì ÊA{$ÐL  ?&?ÇÌ$L@LÌ_D{~@6GJ}DGHX?)E  #
» »Á
 ÏÒªÔ
Á
RQ=)¿(Ä =C? RQ@0¿M)=CFD	IJED?&?Ç
Fz?AÐ{~@6GHX?)E}

{~Ì$@|GHDf}6=C?)}fIJL9	3=C@6E+ÐLUD@|GJÌ$GHE$IHIJEf}6?AG,ÅLUFzD6E
e
gV FFC(V,W ) =
1
2
(F (V ) + F (W ))− 1
2
sgn(A(U¯)) (F (W )− F (V ))
>

  :
 D		 
 
D  	  
 
  	     
       
B&L}|{}|?A@IHE$}Ì$=?A@6BaE$}fÌ L@6LÌ~D6{$@|GJ}|D6GJz?AE~} Xk(t)
z?AGZ}6=CFDMAE$}f}6=IJ?)D6GJ=CFA}(M)E$}Ñ{~z?&LUDGH=CFA}MAG8	B
	3{$@|E$FDGHE$IJIHE$}(}|?AGHÅULFDE~}
e
dXk
dt
= λk(V (Xk, t)).
Ô¬E}|Ì ÊA{$ÐL #
» »Á
L9?AFAE KC@LF)MAE@|E$}|}6E$VBAIÃLF)Ì$EL^ÅE$ÌIJE	}6Ì ÊA{~´L MAE Àf=XE	M&LFA}IJE	Ì$L}
MAE$}}|ÈX}|D6Í$E$}ÊÈX<aE$@6Ba=CIHGJz?AE$}ÊA=C=CKCÍ~FAE$}~¿ZMA=CFDVIHE?&?ÇRFz?AÐ{~@6GHX?)EÐ<aE$?)D}

{$Ì~@6GH@6EMAE´IJL
´LUFAGJÍ~@6E+}6?)GHÅULFDE
e
gRoe(V,W ) =
1
2
(F (V ) + F (W ))− 1
2
sgn
(ARoe) (F (W )− F (V ))
E$F Ì Ê&LFAKE LFDIÃL=mÈE$FAF)EMAEÀ=E+<AL@(?AFAEÐ=^ÈE$FAFAEL@|GHD6ÊAÐ{_DGHX?)E U¯ =
1
2
(V +W )
º
ÖF FA=D6E{~KLIHE$E$FDIJEª}6Ì Ê){$ÐL#
»
À=XE 
¹ »
ÏERQR¿>Ï
Î
ﬂ) 0¿hMA=FzDIJEﬁ?&?XÇ FX?)Ð{~@6GJz?AEE$}D
MA=CFAF){<AL@
gV FRoe (V,W ) = F (WV FRoe (0;V,W )) ,
= WV FRoe (0;V,W )
MA{~}6GHKCFAE+IÃL}6=CIH?)DGH=CF MA?-<)@6=CBAIHÍ$EÑMAEÖÀfGHE$ÐLFAF´IHGJFA{$L@6GH}6{}6?AG,ÅLUFzD
e
∂W
∂t
+A(U¯)∂W
∂x
= 0,
W (x, 0) =
V, x < 0,W, x > 0,
E$F }6?A<)<>=C}6LFDÑz?AEªIJLÓ}|=CIJ?DGJ=F-MA?<)@6=CBAIHÍ$EÖFA=CF IJGHFA{ LUGJ@6EE$}DÌ~=CFAFz?AE"I

GHFA}|DLFD tn
º
Ô¬E}|Ì ÊA{$ÐL´Lv{_D{ª{$Ì~@6GHDf<a=C?A@(IHE$}<A@6=BAIJÍ~ÐE~}(ÊzÈX<aE$@|B>=CIHGJz?AE~}fÌ~=CFA}|E$@|ÅULUD6G	3}~¿&E~Df<&L@IÃLv}|?AGHD6E
Lv{~D{<A@|=CIJ=CF)KC{+L?Ç-<A@6=CB)IJÍ$E$}(F)=CFÌ~=CFA}|E$@|ÅULUD6G	3}  Ä(Ï
Î
Cﬂ
º
Ô¬E+}6Ì ÊA{~´Lﬂ)À*
Î
ﬂ @|E~D@|=C?)ÅE+IJE+}6Ì Ê){$ÐL#
»
À=EÖ<a=C?A@®IJE$}(}ÈX}|DÍ~ÐE~}ÊzÈX<aE$@|B>=CIHGJz?AE~}(FA=CF
ÊA=C=CKCÍ~FAE$}E$F E! >E~DfI

{_D L<aE+<A@6{~MAGJÌ_DE~?A@}

{$Ì$@|GHD
W n
i+ 1
2
= W ni +
1
2
m∑
p=1
γ¯p
(
1− sgn(λ¯p)
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0 . . . 0
0 λ¯2|λ¯2| . . .
º
º
º
º
º
º
0
º
º
º
0
0 . . . 0 λ¯m|λ¯m|

,
M&LFA}IHE+Ì L}= λ¯k = 0
¿A=CF	<a=C}6E sgn(λ¯k) = 0
¿AGJI³}

E~FA}6?)GHDfz?AE
sgn
(A¯ (V¯ (W ni ,W ni+1))) (W ni+1 −W ni ) = R¯ sgn (Λ¯ (V¯ (W ni ,W ni+1))) R¯−1 m∑
p=1
γ¯pr¯p
= R¯ sgn (Λ¯ (V¯ (W ni ,W ni+1))) m∑
p=1
γ¯pR¯−1r¯p.
Ö@ tl¯qr¯p = δpq
=? l¯q
E~}|DIJE+  GHÍ$EÑÅCE~Ì~D6E$?A@Ì$=CIH=CFAFAE+MAEªIJL´LUD6@6GHÌ$E R¯−1 ¿&M  =
sgn
(A¯ (V¯ (W ni ,W ni+1))) (W ni+1 −W ni ) = m∑
p=1
γ¯p sgn(λ¯p)r¯p,
MAEª<AIJ?)}f=FL
e
1
2
(
W ni+1 +W
n
i
)
= W ni +
1
2
(
W ni+1 −W ni
)
= W ni +
1
2
m∑
p=1
γ¯pr¯p.
Ë

L?)D@|Eª<&L@|D
1
2
(
W ni+1 +W
n
i
)
= W ni+1 −
1
2
(
W ni+1 −W ni
)
= W ni+1 −
1
2
m∑
p=1
γ¯pr¯p.
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m∑
p=1
γ¯p
(
1 + sgn
(
λ¯p
))
r¯p.
ÖF}|?A<A<a=C}6Ez?

GHI³E_ÇGH}|DE j ∈ {1, . . . , m} DE~I¬z?AE
λjl < 0 < λjr
= λjl
E$}DÑIJL GJÍ~ÐEÅLUIJE$?)@(<A@6=C<)@6EMAEªIÃL6LÌ$=BAGJE~FAFAEªÌ LIHÌ$?AIH{$EªLÓI

{~DLUD W ni
E~D λjr
E$}DÑIJL
 GHÍ$EÖÅLUIJE$?)@f<)@6=C<A@|EM)EIJLÖ6LÌ~=CBAGHE$FAFAEÌ LUIJÌ$?)IJ{$ELÓI

{~DLUD W ni+1
¿aMALFA}fÌ$EVÌ$L}f}

GJFA}|<AGJ@6LFD
MAE
Î
L@|D6E$F³¿
Î
ÈXÐLF´E_DÔZL1Ç 
ÎÑÎ
Ô4P =ﬂaE~D
Î
L@|D6E$FÐE~D
Î
ÈX´LF 
ÎÎ
@ .>=F´@6E~Ð<)IÃLÌ~E λjl
<&LU@
λˆjl
E_D λjr
<AL@ λˆjr
L ÅCE$Ì
λˆjl = λjl
λjr − λ¯j
λjr − λjl
E~D
λˆjr = λjr
λ¯j − λjl
λjr − λjl .
ÆFA}6?AG,DEª=CF I

GJF1|E~Ì~D6EÖM&LFA}fI

E_Ç<A@|E$}|}6GJ=FMAE W n
i+ 1
2
MAEªIÃL9	ﬂL½~=CF	}6?AG,ÅLUFzD6E
e
W n
i+ 1
2
= W ni +
1
2
m∑
p=1,p6=j
γ¯p
(
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∂t
+
∂F (W )
∂x
= 0, x ∈ [0, 10],
W (x, 0) = W0(x).
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p = (γ − 1)
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E − 1
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ρu2
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W =

ρ
ρu
E
 , E~D F (W ) =

ρu
ρu2 + p
(E + p) u

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∇F (W ) =

0 1 0
(γ − 1)H − u2 − c2 (3− γ)u γ − 1
(γ − 2)uH − uc2 H − (γ − 1)u2 γu
 .
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λ1 = u− c, λ2 = u, λ3 = u+ c
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R1(W ) =

1
u− c
H − uc
 , R2(W ) =

1
u
1
2
u2
 E_D R3(W ) =

1
u+ c
H + uc
 .
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∫
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i
)− γ
2
sgn
(
f ′(anij)v
n
ij · ηij
) (
unj − uni
)
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∆tn
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∑
j∈Ni
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(
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unij =
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(
(1 + γsij) u
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i + (1− γsij) unj
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◦ ∂H
∂uj
(
u, u{j∈Ni}
)
= −∆t
n
2Ai
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(
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n
2Ai
∑
j∈Ni
|eij| (1 + γsij)
∣∣f ′(unij)vnij · ηij∣∣ sij 
∂H
∂uni
(
uni , u{j∈Ni}
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2Ai
∑
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j∈Ni
∣∣f ′ (unij) vnij · ηij∣∣ |∂Ci|.
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sup
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|f ′(unij)vnij · ηij| = ψni ,
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j∈Ni
|eij| (γ + sij) f ′(unij)vnij · ηij ≤ (γ + 1)ψni |∂Ci|.
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(γ + 1)ψni
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∂u
∂t
+ div (F (u(x, t)) = 0, ∀x ∈ R2, ∀t ∈ R+,
u(x, 0) = u0(x), ∀x ∈ R2
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unij =
1
2
(
uni + u
n
j
)− αnij
2Snij
(
F (unj )− F (uni )
) · ηij
un+1i = u
n
i −
∆tn
Ai
∑
j∈Ni
|eij|g
(
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n
j , S
n
ij, ηij
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u0i =
1
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∫
Ci
u (x, y, 0)dxdy.
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sup
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{|f ′1(u)|, |f ′2(u)|} ≤ M ∈ R+
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∆tn ≤ 2Ai|∂Ci|
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(1 + γni )φ
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i
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φni = sup
j∈Ni
∣∣∣~Unij · ηij∣∣∣ ∀ (i, n) ∈ N2 (+3 γni = sup
j∈Ni
γnij ≥ 1
D)&)(; ~Unij
(+3 ~V nij
C.$'"73TAO|Klm"7-VC AiD)"WC GPD?UE*v(+MO&)((+3
γnij
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αnij = γ
n
ij
Snij∣∣∣~V nij · ηij∣∣∣ ,
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uni ≤ min
Ci∈T
un+1i ≤ max
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||un||L∞(R2) ≤ ||u0||L∞(R2).
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|eij|g
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= F
(
unij
) · ηij
=
(
F (uni ) · ηij +
1
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(
1− δnij
)
~Unij · ηij
(
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∑
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τnij ≤ 1.
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∣∣∣~Unij · ηij∣∣∣ = φni , ∀ (i, n) ∈ N2  γni = sup
j∈Ni
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=
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= −∆t
n
2Ai
∑
j∈Ni
|eij| (1− γsij) sij
∣∣F ′ (unij) · ηij∣∣ 
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 ∂H
∂uj
(
uni , u{j∈Ni}
) ≥ 0
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sij − γ ≤ 0 ⇐⇒ sij ≤ γ 
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γ ≥ 1
3
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◦ ∂H
∂uni
(
uni , u{j∈Ni}
)
= 1− ∆t
n
2Ai
∑
j∈Ni
|eij| (sij + γ)
∣∣F ′ (unij) · ηij∣∣ 
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∂H
∂uni
(
uni , u{j∈Ni}
) ≥ 0 ⇐⇒ ∆tn
2Ai
∑
j∈Ni
(sij + γ)
∣∣F ′ (unij) · ηij∣∣ ≤ 1 
B  	,
∑
j∈Ni
(sij + γ)
∣∣F ′ (unij) · ηij∣∣ ≤ ∑
j∈Ni
|eij| (1 + γ)
∣∣F ′(unij) · ηij∣∣
≤ (1 + γ) sup
j∈Ni
∣∣F ′ (unij) · ηij∣∣ |∂Ci|.

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ψni = sup
j∈Ni
∣∣F ′ (unij) · ηij∣∣ ,
 ( 	 /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 ∑
j∈Ni
(1 + γ)
∣∣F ′ (unij) · ηij∣∣ ≤ (1 + γ)ψni |∂Ci|.
 ( 
∆tn ≤ 2Ai|∂Ci|
1
(1 + γ)ψni
∀n ∈ N, #   ∂H
∂uni
(
uni , u{j∈Ni}
) ≥ 0.
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unij ∈
[
uni⊥unj , uni>unj
]
.
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unij =
1
2
(
1 + δnij
)
uni +
1
2
(
1− δnij
)
unj ,
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1 + δnij ≥ 0

1− δnij ≥ 0 3
 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∣∣δnij∣∣ ≤ 1 3
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αnij ≤
Snij∣∣∣~V nij · ηij∣∣∣
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
unij =
1
2
(
uni + u
n
j
)− 1
2
∣∣∣~V nij · ηij∣∣∣
(
F (unj )− F (uni )
) · ηij
un+1i = u
n
i −
∆tn
Ai
∑
j∈Ni
|eij|g(uni , unj , Snij, ηij)
u0i =
1
Ai
∫
Ci
u(x, y, 0)dxdy,
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
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unij =
1
2
(
uni + u
n
j
)− 1
2
sgn
(
~V nij · ηij
) (
unj − uni
)
un+1i = u
n
i − ∆t
n
Ai
∑
j∈Ni
|eij|g
(
uni , u
n
j , S
n
ij, ηij
)
u0i =
1
Ai
∫
Ci
u(x, y, 0)dxdy.
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∂u
∂t
+
∂u
∂x
+ 2
∂u
∂y
= 0, (x, y) ∈ D, t ∈ R+
u(x, y, 0) = u0(x, y) = cos
2
[
2pi
(
(x− 0.5)2 + (y − 0.25)2)] ,
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∂W
∂t
+ div(F (W )) = 0 ∀x ∈ R2 , ∀ t ∈ R+,
W (x, 0) = W0(x) ∀x ∈ R2,
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F (W ) = (F1(W ), F2(W ))
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W n+1i = W
n
i −
∆tn
Ai
∑
j∈Ni
|eij|g
(
W ni ,W
n
j , ηij
)

g
(
W ni ,W
n
j , ηij
)
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1
2
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)− 1
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)
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F : Rm → R2 MO"a(E1J$'"a;+3Q-/$'"NAO(I;+GPD'CC.( C1 !(+3 W0 Mn"a(^1J$'"a;+3S-/$'"
AiD)"WC
L∞(R2)
AO$'"7"a|( -u"LC+MUiU7$.C.(tAO(ZUEGfMiCIgBM7(YGV( UWD'CIAO(t3d(+>#U7C
∆tn
!GV( U7|+*+-6>@c+3S*v( |∂Ci|
(+3Go D)-6*v(
Ai
AO( GPDk;(+G6GfMOGV(
Ci
&)|+*,- lu(+"73mGPD@*v(+GPD)3Q-/$'"
∆tn ≤ Ai|∂Ci|Sni
, ∀i, n ∈ N,
$ﬀ
Sni = sup
j∈Ni
Snij
(C+3GPD4&.-632(CC.(\AO(ﬂtM CBD)"a$'& -
u" D !D)GV$'*vC GPDk;$'"EA)-63S-/$'"_AO(<C+3/DieB-6Gf-632|
L∞
||W n||L∞(R2) ≤ ||W0||L∞(R2)
'D@"a$'*+>@(
L∞
U7$'MO* Mn"w&)(;+3d(+MO*
X = (X1, . . . , Xm) ∈ Rm (C+3TAO$'"7"a|(uUWD)*
||X||L∞ = sup
1≤r≤m
|Xr|.
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∑
j∈Ni
|eij|F (W ni ) · ηij = 0,
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W n+1i = W
n
i −
∆tn
Ai
∑
j∈Ni
|eij|
(
g
(
W ni ,W
n
j , ηij
)− F (W ni ) · ηij)
= W ni −
∆tn
2Ai
∑
j∈Ni
|eij|
[(
F (W nj )− F (W ni )
) · ηij − Snij (W nj −W ni )] .
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(i) A˜ (W ni ,W ni ; ηij) = A (W ni ; ηij)
(ii) A˜ (W ni ,W nj ; ηij) (Wj −W ni ) = (F (W nj )− F (W ni )) · ηij
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W n+1i = W
n
i −
∆tn
2Ai
∑
j∈Ni
|eij|
[
A˜ (W ni ,W nj ; ηij) (W nj −W ni )− Snij (W nj −W ni )]
=
[
Im − ∆t
n
2Ai
∑
j∈Ni
|eij|
(
−A˜ (W ni ,W nj ; ηij)+ SnijIm)
]
W ni
+
∆tn
2Ai
∑
j∈Ni
|eij|
(
−A˜ (W ni ,W nj ; ηij)+ SnijIm)W nj , 1 h2
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W n+1i =
p=m∑
p=1
[
αn+1i
]
p
[Rnij]p , W ni = p=m∑
p=1
[αni ]p
[Rnij]p ,  W nj = p=m∑
p=1
[
αnj
]
p
[Rnij]p ,
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p=m∑
p=1
[[
αn+1i
]
p
−
(
1− ∆t
n
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij)
)
[αni ]p
] [Rnij]p
−
p=m∑
p=1
[
∆tn
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij) [αnj ]p
] [Rnij]p = 0.
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]
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(
1− ∆t
n
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij)
)
[αni ]p
] [Rnij]p
−
p=m∑
p=1
∆tn
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij) [αnj ]p [Rnij]p = 0
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2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij)
)
[αni ]p
− ∆t
n
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij) [αnj ]p = 0,
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⇐⇒ [αn+1i ]p =
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1− ∆t
n
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij)
)
[αni ]p
+
∆tn
2Ai
∑
j∈Ni
|eij|
(
− [λnij]p + Snij) [αnj ]p ,
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[
γnij
]
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∑
j∈Ni
[
γnij
]
p
≤ 1   p = 1, . . . , m.
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∑
j∈Ni
[
γnij
]
p
=
∑
j∈Ni
∆tn
2Ai
|eij|
(
− [λnij]p + Snij)
≤ ∆t
n
Ai
Sni
∑
j∈Ni
|eij|
≤ ∆t
n
Ai
Sni |∂Ci|,
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Sni = max
j∈Ni
Snij
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∆tn ≤ Ai
Sni |∂Ci|
∀ (i, n) ∈ N2, 	,
∑
j∈Ni
[
γnij
]
p
≤ 1,   p = 1, . . . , m
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+ A
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W (x, y, 0) = W0 (x, y) ,
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J (ηij) = A · (ηij)x +B · (ηij)y
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W nij =
1
2
(
W ni +W
n
j
)− αnij
2Snij
(A · (ηij)x +B · (ηij)y)
(
W nj −W ni
)
W n+1i = W
n
i −
∆tn
Ai
∑
j∈Ni
|eij|g
(
W ni ,W
n
j , S
n
ij, ηij
)
W 0i =
1
Ai
∫
Ci
W (x, y, 0)dxdy,
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(
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= J (ηij) ·
(
W nij
)

ηij
 :$ 	 <#ﬁ   D 	 
Snij
 :$ -J  ﬂﬂI  	.-  "#ﬁ>&#  ?O(   > D#ﬀ  #>>$ "ﬁ
Ci
		ﬃﬂ&#
Snij = max
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(∣∣∣[λij]p∣∣∣)
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min
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{
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{
Snij
[λij]p
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∆tn ≤ 2Ai
|∂Ci|max
j∈Ni
{∣∣∣[λij]p∣∣∣ (1 + ∣∣δnij∣∣)}
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δnij =
αnij
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W ni =
p=m∑
p=1
[ξni ]p [Rij]p , W nj =
p=m∑
p=1
[ξnj ]p [Rij]p , W nij =
p=m∑
p=1
[ξnij]p [Rij]p

W n+1i =
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[ξn+1i ]p [Rij]p
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p = 1, . . . , m
[ξnij]p =
1
2
(
[ξni ]p + [ξ
n
j ]p
)
− α
n
ij
2Snij
[λij]p
(
[ξnj ]p − [ξni ]p
)
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λij 3
1
HhZC25 -J	 
[ξnij]p =
1
2
(
1 + δnij
)
[ξni ]p +
1
2
(
1− δnij
)
[ξnj ]p.
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∑
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|eij| [λij]p
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1
2
(
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)
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)
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∑
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W nij =
1
2
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W ni +W
n
j
)− αnij
Snij
(
F (W nj )− F (W ni )
) · ηij)
W n+1i = W
n
i −
∆tn
Ai
∑
j∈Ni
|eij|g
(
W ni ,W
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j , S
n
ij, ηij
)
W 0i =
1
Ai
∫
Ci
W (x, y, 0)dxdy,
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−uv v u
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∂W
∂t
+
∂F (W )
∂x
+
∂G(W )
∂y
= 0
W (x, y, 0) = W0(x, y).
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W =

ρ
ρu
ρv
e
 , F (W ) =

ρu
ρu2 + P
ρuv
(e+ P )u

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G(W ) =

ρv
ρuv
ρv2 + P
(e + P )v

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P = (γ − 1)
(
e− ρu
2 + v2
2
)
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R = Cv − Cp #
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∇F (W ) =

0 1 0 0
1
2
[(γ − 3)u2 + (γ − 1)v2] (3− γ)u (−γ + 1)v (γ − 1)
−uv v u 0
−u[ c2
γ−1 + (1− γ2 )(u2 + v2)] c
2
γ−1 − (γ − 32)u2 + 12v2 (1− γ)uv γu
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∇G(W ) =

0 0 1 0
−uv v u 0
1
2
[(γ − 3)v2 + (γ − 1)u2] (1− γ)u (3− γ)v (γ − 1)
−v[ c2
γ−1 + (1− γ2 )(u2 + v2)] (1− γ)uv c
2
γ−1 − (γ − 32)v2 + 12u2 γv
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c =
√
γP
ρ
=
√
γRT .
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λ1(W, η) = V · η − c, λ2(W, η) = V  λ3(W, η) = V · η + c
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R (W ; η) =

1
c
1 0 1
c
u
c
− ηx u ηy uc + ηx
v
c
− ηx v −ηx vc + ηx
|V |2
2c
− v · η + c
γ−1
|V |2
2
u · ηy − v · ηx |V |
2
2c
+ v · η + c
γ−1

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R−1 (W ; η) = 1
2

V · η + (γ − 1) |V |2
2c
−(ηx + (γ − 1)uc ) −(ηy + (γ − 1) vc ) γ−1c
2(1− (γ − 1) |V |2
2c2
) (2(γ − 1) u
c2
) 2(γ − 1) v
c2
−2γ−1
c2
2(ηx · v − ηy · u) 2ηy −2ηx 0
−V · η + (γ − 1) |V |2
2c
(ηx − (γ − 1)uc ) ηy − (γ − 1) vc γ−1c

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(ρ, p, u) (x < 6, t = 0) =
(
12, 106, 0
)
,

(ρ, p, u) (x > 6, t = 0) =
(
1.2, 105, 0
)
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αlρlvl
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αvρvu
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αvρvuvvv
αlρlul
αlρlu
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αlρlulvl
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A(W ) =

0 0 0 0 0 0
αvPw1 0 0 αvPw4 0 0
0 0 0 0 0 0
0 0 0 0 0 0
αlPw1 0 0 αlPw4 + Θ 0 0
0 0 0 0 0 0

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B(W ) =

0 0 0 0 0 0
0 0 0 0 0 0
αvPw1 0 0 αvPw4 0 0
0 0 0 0 0 0
0 0 0 0 0 0
αlPw1 0 0 αlPw4 + Θ 0 0

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